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Preface

This preface motivates why, from a statistician’s point of view, it is interesting to study empirical
processes. We indicate that any estimator is some function of the empirical measure. In these lectures,
we study convergence of the empirical measure, as sample size increases.

In the simplest case, a data set consists of observations on a single variable, say real-valued observations.
Suppose there are n such observations, denoted by Xi,...,X,. For example, X; could be the reaction
time of individual 7 to a given stimulus, or the number of car accidents on day i, etc. Suppose now that
each observation follows the same probability law P. This means that the observations are relevant if
one wants to predict the value of a new observation X say (the reaction time of a hypothetical new
subject, or the number of car accidents on a future day, etc.). Thus, a common underlying distribution
P allows one to generalize the outcomes.

An estimator is any given function 7,,(X1, ..., X,) of the data. Let us review some common estima-
tors.

The empirical distribution. The unknown P can be estimated from the data in the following way.
Suppose first that we are interested in the probability that an observation falls in A, where A is a certain
set chosen by the researcher. We denote this probability by P(A). Now, from the frequentist point of
view, the probability of an event is nothing else than the limit of relative frequencies of occurrences of
that event as the number of occasions of possible occurrences n grows without limit. So it is natural to
estimate P(A) with the frequency of A, i.e, with

number of times an observation X; falls in A

P, (A) =
(4) total number of observations

number of X; € A
- .

We now define the empirical measure P, as the probability law that assigns to a set A the probability
P,(A). We regard P, as an estimator of the unknown P.

The empirical distribution function. The distribution function of X is defined as
F(x) = P(X <),

and the empirical distribution function is

Figure 1
Figure 1 plots the distribution function F(z) =1 — 1/22, x > 1 (smooth curve) and the empirical
distribution function F;, (stair function) of a sample from F with sample size n = 200.



Means and averages. The theoretical mean
= E(X)
(E stands for Expectation), can be estimated by the sample average

_ X +... +X,
X, =it An
n

More generally, let g be a real-valued function on R. Then

g(X1)+...+9(Xn)

)

is an estimator Fg(X).

Sample median. The median of X is the value m that satisfies F(m) = 1/2 (assuming there is a
unique solution). Its empirical version is any value 77, such that Fn(mn) is equal or as close as possible
to 1/2. In the above example F(z) = 1 — 1/22, so that the theoretical median is m = /2 = 1.4142.
In the ordered sample, the 100*" observation is equal to 1.4166 and the 101" observation is equal to
1.4191. A common choice for the sample median is taking the average of these two values. This gives
my = 1.4179.

Properties of estimators. Let T,, = T,,(X, ..., X,) be an estimator of the real-valued parameter
f. Then it is desirable that T,, is in some sense close to #. A minimum requirement is that the estimator
approaches 0 as the sample size increases. This is called consistency. To be more precise, suppose the
sample X1,..., X, are the first n of an infinite sequence X, X5, ... of independent copies of X. Then
T, is called strongly consistent if, with probability one,

T, — 0 as n — oo.

Note that consistency of frequencies as estimators of probabilities, or means as estimators of expectations,
follows from the (strong) law of large numbers. In general, an estimator 7;, can be a complicated function
of the data. In that case, it is helpful to know that the convergence of means to their expectations is
uniform over a class. The latter is a major topic in empirical process theory.

Parametric models. The distribution P may be partly known beforehand. The unknown parts of
P are called parameters of the model. For example, if the X; are yes/no answers to a certain question
(the binary case), we know that P allows only two possibilities, say 1 and 0 (yes=1, no=0). There is
only one parameter , say the probability of a yes answer § = P(X = 1). More generally, in a parametric
model, it is assumed that P is known up to a finite number of parameters 8 = (61,---,04). We then
often write P = Py. When there are infinitely many parameters (which is for example the case when P
is completely unknown), the model is called nonparametric.

Nonparametric models.

An example of a nonparametric model is where one assumes that the density f of the distribution
function F' exists, but all one assumes about it is some kind of “smoothness” (e.g. the continuous first
derivative of f exists). In that case, one may propose e.g. to use the histogram as estimator of f. This
is an example of a nonparametric estimator.

Histograms. Our aim is estimating the density f(z) at a given point . The density is defined as
the derivative of the distribution function F' at z:
.. Flx4+h)—-F(z) . Pz,z+h]
L

Here, (x,z + h] is the interval with left endpoint « (not included) and right endpoint x + h (included).
Unfortunately, replacing P by P, here does not work, as for h small enough, P, (z,z + h] will be equal
to zero. Therefore, instead of taking the limit as h — 0, we fix h at a (small) positive value, called the
bandwidth. The estimator of f(z) thus becomes

p P,(x,x+h] number of X; € (z,z + h]
fn(x) = = .
h nh




A plot of this estimator at points x € {xg,xo + h, zo + 2h,...} is called a histogram.

Example . Figure 2 shows the histogram, with bandwidth h = 0.5, for the sample of size n = 200
from the Pareto distribution with parameter § = 2. The solid line is the density of this distribution.

Figure 2
Conclusion. An estimator T, is some function of the data X;,..., X,,. If it is a symmetric function

of the data (which we can in fact assume without loss of generality when the ordering in the data
contains no information), we may write T,, = T(P,), where P, is the empirical distribution. Roughly
speaking, the main purpose in theoretical statistics is studying the difference between T'(P,) and T'(P).
We therefore are interested in convergence of P, to P in a broad enough sense. This is what empirical
process theory is about.



1. Introduction.
This chapter introduces the notation and (part of the) problem setting.

Let X4,...,X,,... be ii.d. copies of a random variable X with values in X and with distribution P.
The distribution of the sequence X, X, ... (+ perhaps some auxiliary variables) is denoted by P.

Definition. Let {T,,,T} be a collection of real-valued random wvariables. Then T, converges in
probability to T, if for all € > 0,
lim P(|T, —T| >¢€) =0.

n—oo

Notation: T,, —F T.
Moreover, T,, converges almost surely (a.s.) to T if

P(lim 7,,=T) =1.
n—oo
Remark. Convergence almost surely implies convergence in probability.

1.1. Law of large numbers for real-valued random variables. Consider the case X = R.

Suppose the mean
pwi=FEX

exists. Define the average

Then, by the law of large numbers, as n — oo,

X, — u, a.s.

Now, let
F(t):=P(X <t), teR,

be the theoretical distribution function, and
1 .
F,(t):= —#{X,; <t, 1<i<n}, teR,
n
be the empirical distribution function. Then by the law of large numbers, as n — oo,
F,(t) — F(t), as. for all t.

We will prove (in Chapter 4) the Glivenko-Cantelli Theorem, which says that

sup [F (1) = F(t)] — 0, as.
t

This is a uniform law of large numbers.

Application: Kolmogorov’s goodness-of-fit test. We want to test
HO : F= Fo.
Test statistic:
Dn; = sup [Fu(t) = Fo (1),

Reject Hy for large values of D,,.

1.2. R%valued random variables. Questions:
(i) What is a natural extension of half-intervals in R to higher dimensions?
(ii) Does Glivenko-Cantelli hold for this extension?



1.3. Definition Glivenko-Cantelli classes of sets. Let for any (measurable!) A C X,
1
P,(A) = ﬁ#{Xi €A 1<i<n}

We call P, the empirical measure (based on X1,...,X,).
Let D be a collection of subsets of X.

Definition 1.3.1. The collection D is called a Glivenko-Cantelli (GC) class if

sup |P,(D) — P(D)| — 0, a.s.
DeD

Example. Let X = R. The class of half-intervals
D={l—x,: teR}
is GC. But when e.g. P = uniform distribution on [0, 1] (i.e., F(t) = ¢, 0 < < 1), the class
B = {all (Borel) subsets of [0, 1]}

is not GC.

1.4. Convergence of averages to their expectations.

Notation. For a function g : X — R, we write
P(g) := Eg(X),
and .
Po(g) = % EQ(XJ
Let G be a collection of real-valued functions on X.
Definition 1.4.1. The class G is called a Glivenko-Cantelli (GC) class if

sup [Pn(g) — P(g)] — 0, as.
9€g

We will often use the notation

[P — P|g := sup |Pa(g) — P(9)|-
geg

1We will skip measurability issues, and most of the time do not mention explicitly the requirement of measurability of
certain sets or functions. This means that everything has to be understood modulo measurability.



2. (Exponential) probability inequalities

A statistician is almost never sure about something, but often says that something holds “with large
probability”. We study probability inequalities for deviations of means from their expectations. These are
exponential inequalities, that is, the probability that the deviation is large is exponentially small. ( We
will in fact see that the inequalities are similar to those obtained if we assume normality.) Exponentially
small probabilities are useful indeed when one wants to prove that with large probability a whole collection
of events holds simultaneously. It then suffices to show that adding up the small probabilities that one
such an event does not hold, still gives something small. We will use this argument in Chapter 4.

2.1. Chebyshev’s inequality.

Chebyshev’s inequality. Consider a random variable X € R with distribution P, and an increasing
function ¢ : R — [0,00). Then for all a with ¢(a) > 0, we have

E¢(X)
P(X >a) < oa)
Proof.
E¢@¥>=L/¢cdecw:= [ @@+ [ s@irw)

X<a

> [ 6@dP@) = [ ¢la)dP(a)

X>a X>a

=mw£>dpzwwmxz@.

O
Let X be N(0,1)-distributed. By Exercise 2.4.1,
P(X >a) < exp[—a®/2] ¥V a > 0.
Corollary 2.1.1. Let Xy,..., X, be independent real-valued random wvariables, and suppose, for all
i, that X; is N'(0,02)-distributed. Define
n
b = Z o
i=1
Then for all a > 0,
n 2
a
P (;X,» > a) < exp [—%2] .
2.2. Bernstein’s inequality.
Bernstein’s inequality. Let X, ..., X, be independent real-valued random variables with expecta-

tion zero. Suppose that for all i,

|
E[X,|" < %Km—%—f, m=23,....

Define
b = ZO’?.
i=1
We have for any a > 0,
n a2
P X; > < —
(502) <o [t eom]



Proof. We have for 0 < A < 1/K,

(o)
1
EexpAX;] =1+ ) —ATEX

m=2 :

It follows that

Eexp )\ZXZ»] = HEeXp[)\XZ]
i=1 i=1
A2p?
<o |37

Now, apply Chebyshev’s inequality to Y ., X;, and with ¢(z) = exp[Az], z € R. We arrive at

(3o ) <o 5 ]

i=1
Take
B a
- Ka+02
to complete the proof.
O
2.3. Hoeffding’s inequality.
Hoeffding’s inequality. Let Xi,..., X, be independent real-valued random variables with expecta-

tion zero. Suppose that for all i, and for certain constants c; > 0,

Then for all a > 0,

P (i:XZ > a) < exp [—221262] .

i=1 i=1"1

Proof. Let A > 0. By the convexity of the exponential function exp[Az], we know that for any
0<a<l,
exp[adz + (1 — a)\y] < aexp[Az] + (1 — «) exp[Ay].

Define now
C; — XZ
a; = .
! QCZ'
Then
X; = ai(—ci) + (1 — ai)ci,
SO

exp[AX;] < a; exp[—A¢] + (1 — a;) exp[A¢;].
But then, since Eq; = 1/2, we find

1 1
EexpM\X;] < 3 exp[—A¢;] + 3 exp[A¢;].



Now, for all x,

o 2k
exp[—z] + explx] = 2 Z ook

k=0 '

whereas
, 2k
explz/2] = Z SR
k=0

Since

(2k)! > 28K,

we thus know that
exp[—z] + exp[z] < 2expla? /2],

and hence
E exp[\X;] < exp[A\?c?/2].

Therefore,

Eexp

It follows now from Chebyshev’s inequality that

P (iXi 2@) < exp [)\Qi:c?/Z—)\a

i=1 i=1

Take A = a/(>1—, ¢2) to complete the proof.

i=1

2.4. Exercise.

Exercise 1.
Let X be N(0,1)-distributed. Show that for A > 0,

Eexp[AX] = exp[\?/2].

Conclude that for all a > 0,
P(X > a) < exp[A\?/2 — \d].

Take A\ = a to find the inequality
P(X > a) < exp[—a?/2].

10

)‘iXi] < exp l)\zicf/Q] .
i=1 i=1

] |



3. Symmetrization

Symmetrization is a technique based on the following idea. Suppose you have some estimation method,
and want to know how good it performs. Suppose you have a sample of size n, the so-called training set
and a second sample, say also of size n, the so-called test set. Then we may use the training set to
calculate the estimator, and the test set to check its performance. For example, suppose we want to
know how large the mazimal deviation is between certain averages and expectations. We cannot calculate
this mazximal deviation directly, as the expectations are unknown. Instead, we can calculate the maximal
deviation between the averages in the two samples. Symmetrization is closely rerlated: it splits the sample
of size n randomly in two subsamples.

Let X € X be a random variable with distribution P. We consider two independent sets of indepen-
dent copies of X, X := Xy,..., X, and X' := X7,..., X/.
Let G be a class of real-valued functions on X'. Consider the empirical measures

1 & 1 —
— ‘.
P, = - E 0x,, P, = . E Ox, .
=1 =1
Here 0, denotes a point mass at x. Define

1P, — Pl|g := sup |Pa(g) — P(9)],
geg

and likewise
|P;, = Pllg := sup|Py(g9) — P(g)l,
geg

and
HPn - Pr/LHQ ‘= sup |Pn(g) - P’I’ll(g)l
geg

3.1. Symmetrization with means.

Lemma 3.1.1. We have
E|P, — Plg < E|P, — P,llg.

Proof. For a function f on X?", let Ex f(X,X’) denote the conditional expectation of f(X,X’)
given X. Then obviously,
ExP.(9) = Pn(g)

and
Ex P, (g9) = P(g).
So
(Pn - P)(g) = EX(Pn - P;l)(g)
Hence

1P = Pllg = sup |Pn(g) — P(g)| = sup [Ex(Pn — P;)(9)]-
Y 9eg

Now, use that for any function f(Z,t) depending on a random variable Z and a parameter ¢, we have

sgplEf(Zat)l < SngIf(Zﬂf)l < Esgplf(Zyt)L

So
sup |Ex(Pn — Py)(9)| < Ex[|Pn — Py lg-
ge

So we now showed that
”Pn - PHQ < EXHPn - PrlL”g

Finally, we use that the expectation of the conditional expectation is the unconditional expectation:

EEx f(X,X') = Ef(X, X).

11



So
E|P, - Pllg < EEx| P, — P, g = E||P, — P, ||g.

a

Definition 3.1.2. A Rademacher sequence {o;}"_, is a sequence of independent random variables

oi, with

Let {o;}7, be a Rademacher sequence, independent of the two samples X and X’. We define the
symmetrized empirical measure

1 n
Pr(g) = gZUiQ(Xi), gegy.
i=1

Let
1P7 llg = sup|Py7 (g)l-
geg

Lemma 3.1.3. We have
E||P, — Pllg < 2E| Py |g-

Proof. Consider the symmetrized version of the second sample X':
Pi(g) = 13" mg(x))
! i e

Then ||P, — P/||g has the same distribution as |P? — P/7||g. So
E|P, - Pllg = E|P] - P;’lg

< E|P]llg +E[P; g = 2E|P]l|g.

3.2. Symmetrization with probabilities.

Lemma 3.2.1. Let § > 0. Suppose that for all g € G,

N | =

P (|P.(9) = P(g9)l > 6/2) <

Then 5
P (1P, Pl >8) <22 (|7~ Pilo > 3 ).

Proof. Let Px denote the conditional probability given X. If |P,, — P|lg > ¢, we know that for
some random function g, = g.(X) depending on X,

|Pn(g*) - P(g*)| > 0.

Because X' is independent of X, we also know that
1
Px (IPy(g.) = Pg-)| > 6/2) < 5.

Thus,
P (1Pu(g-) - Pla)] > & and [Pi(g.) - Plao)] < 3

— B (IPa0.) ~ Plo.) > 6 and [PL(9.) — Plan)| < §)

12



=P (IP4(0.) ~ P)o.) < § ) IR (02) = Plan)| > )
> SER(1Pu(gx) = P(g:)| > 6}

O = N =

P (|Pn(gx) — P(g:)| > 9).
It follows that
P ([|P, — Pllg > 6) < P (|Py(g:) — P(g+)| > 0)

<2P (Pn(g*) — P(g4)| > ¢ and | P, (g+) — P(g+)] < g)

<op (an(g*) - P(g)] > g)

Corollary 3.2.2. Let § > 0. Suppose that for all g € G,
1
P (|Pa(o) —~ Plo)| > 3/2) < 1.
Then

)
PP~ Plo>9) < 4P (IPlo > 7).

3.3. Some facts about conditional expectations.
Let X and Y be two random variables. We write the conditional expectation of Y given X as

Ex(Y)=E(Y|X).
Then
E(Y)=E(Ex(Y).
Let f be some function of X and g be some function of (X,Y’). We have

The conditional probability given X is

Px((X,Y) € B) = Exlp(X,Y).
Hence,
Px(X € X, (X,Y) € B) =14(X)Px((X,Y) € B).

13



4. Uniform laws of large numbers.

In this chapter, we prove uniform laws of large numbers for the empirical mean of functions g of the
individual observations, when g varies over a class G of functions. First, we study the case where G is
finite. Symmetrization is used in order to be able to apply Hoeffding’s inequality. Hoeffding’s inequality
gives exponential small probabilities for the deviation of averages from their expectations. So considering
only a finite number of such averages, the difference between these averages and their expectations will
be small for all averages simultaneously, with large probability.

If G is not finite, we approximate it by a finite set. A §-approximation is called a d-covering, and the
number of elements of a d-covering is called the d-covering number.

We introduce Vapnik Chervonenkis (VC) classes. These are classes with small covering numbers.

Let X € X be a random variable with distribution P. Consider a class G of real-valued functions
on X, and consider i.i.d. copies {X7, Xs,...} of X. In this chapter, we address the problem of proving
| P, — Pllg —7 0. If this is the case, we call G a Glivenko Cantelli (GC) class.

Remark. It can be shown that if || P, — P|lg —F 0, then also ||P, — P||g — 0 almost surely. This
involves e.g. martingale arguments. We will not consider this issue.

4.1. Classes of functions.
Notation. The sup-norm of a function g is

l9]loc := sup [g(z)].
zeEX

Elementary observation. Let {A;}_, be a finite collection of events. Then

N

P (Uil Ak) <D P4 < N max P(A).
k=1 -

Lemma 4.1.1. Let G be a finite class of functions, with cardinality |G| := N > 1. Suppose that for
some finite constant K,
max [|gllec < K.
9€g

Then for all

5> 2K long
n
we have
P (|PSlg > 6) < 2ex _no”
nllg = 0) = 28X\ Ty
and
P ([P — Pllg > 45) < Sexp |10
n g = oexp 4K2
Proof.
e By Hoeffding’s inequality, for each g € G,
nd?
ag < o
P (P2 )] > 0) < 200 |- 1

e Use the elementary observation to conclude that

P(|P7|g > 6) < 2Nex _no”
n 11G — exp 2K2

2

né nd?
= 2exp [1ogN — 2}(2} < 2exp [—4}(2} .

14



e By Chebyshev’s inequality, for each g € G
var(g(X)) _ K*
no? ~ nd?
K? 1
<—7—< -
~ 4K2?logN — 2

e Hence, by symmetrization with probabilities

P (|Pu(g9) — P(g)| > 0) <

(52
P (1P, — Plo > 49) < 4P (1P o > 6) < sexp [ 2]

Definition 4.1.2. The envelope G of a collection of functions G is defined by

G(z) = sup|g(z)], x € X.
g€eg

In Exercise 2 of this chapter, the assumption sup,cg [|9]lc < K used in Lemma 4.1.1, is weakened to
P(G) < .

Definition 4.1.3. Let S be some subset of a metric space (A, d). For § > 0, the §-covering number
N(4,8,d) of S is the minumum number of balls with radius 8, necessary to cover S, i.e. the smallest
value of N, such that there exist sq1,...,sy in A with

min _d(s,s;) <4, VseSb.
j=1,..,N
The set s, ..., sy is then called a d-covering of S. The logarithm log N (-, S, d) of the covering number
is called the entropy of S.

' radius= 0

Figure 3

Notation. Let
dl,n(g7§) = Pu(lg — gl)-

Theorem 4.1.4. Suppose
lglle <K, VgeQg.

Assume moreover that 1
- log N(6,G,dy ) —F 0.

Then
[P, — Pllg —F 0.

15



Proof. Let 6 > 0. Let ¢1,...,gn, with N = N(0,G,d1,,), be a d-covering of G.
e When P, (|g — g,|) <, we have
|P7(9)] < |P7(g;)] + 6.
So
1P7llg < max [P (g;)] +0.

e By Hoeffding’s inequality and the elementary observation, for

log N

)

0> 2K

n

we have

né>
7 (g < — .
Px (j:rlﬁ?)fsz” (i)l > 5) = 2o [ 4K2}

e Conclude that for

log N
5> 2K\ 2o
n
we have
o TL52
P (IPSlo > 26) < 2exp |12 |
e But then

nd? log N(6,G,d1.n)
o < _ _— .
P(||pn|g>25)_2€xp{ 1 2]JFP<2K - >4

e We thus get as n — oo,
P (|P|lg > 2d) — 0.

e No, use the symmetrization with probabilities to conclude
P (||P, — Pllg > 8) — 0.

Since § is arbitrary, this concludes the proof.
O

Again, the assumption sup g [|9]lcc < K used in Theorem 4.1.4, can be weakened to P(G) < oo (G
being the envelope of G). See Exercise 3 of this chapter.

4.2. Classes of sets. Let D be a collection of subsets of X, and let {£1,...,&,} be n points in X.

Definition 4.2.1. We write

AP(&y, .. &) = card{D N {&y, ..., &) DeD}
= the number of subsets of {&1,...,&,} that D can distinguish.
That is, count the number of sets in D, when two sets Dy and Dy are considered as equal if DA Dy N

{617 o 7677,} = @ Here
D1ADy = (D; N DS) U (DS N Dy)

is the symmetric difference between D; and Ds.

Remark. For our purposes, we will not need to calculate AP (&y,. .., §,) exactly, but only a good
enough upper bound.

Example. Let X = R and
D= {1(7oo,t] 1 te R}

Then for all {&,...,&,} CR
AP(&,. . &) Sn+

16



Example. Let D be the collection of all finite subsets of X'. Then, if the points &1, . .., &, are distinct,

AD(gla s agn) =2"
Theorem 4.2.2. (Vapnik and Chervonenkis (1971)). We have
1
“log AP(X1,...,X,) =T 0,
n

if and only if

sup P, (D) — P(D)| =% 0.
DeD

Proof of the if-part. This follows from applying Theorem 4.1.4 to G = {lp : D € D}. Note that a
class of indicator functions is uniformly bounded by 1, i.e. we can take K = 1 in Theorem 4.1.4. Define
now

doon(9,9) = max lg(Xs) = 5(Xa)].

i=1,...,

Then dy ;, < doo,n, S0 also
N('v gadl,n) é N(7 g; doo,n)

But for 0 < § < 1,
N6, {lp: D€D},don)=AP(Xy,...,X,).

So indeed, if L log AP (X,..., X,,) —=F 0, thenalso L log N(6,{lp : D € D},d1,,) < L1og AP(Xy,..., X,)
—F 0.
O

4.3. Vapnik-Chervonenkis classes.

Definition 4.3.1. Let
mP(n) =sup{AP(&1,....&) : &,..., & € X}
We say that D is a Vapnik-Chervonenkis (VC) class if for certain constants ¢ and V, and for all n,
mP(n) < enV,
i.e., if mP(n) does not grow faster than a polynomial in n.
Important conclusion: For sets, VC = GC.

Examples.
a) Y =R, D={l_wy: t€R} Since mP(n) <n+1, Dis VC.
b) X =R%, D ={l_sy: t € R} Since mP(n) < (n+1)%, D is VC.

) X=R% D={{z: 6Tz >t} (f) € R}, Since mP(n) < 2¢(%), D is VC.

The VC property is closed under measure theoretic operations:

Lemma 4.3.2. Let D, Dy and Dy be VC. Then the following classes are also VC:
(i) D¢ ={D°: D € D},
(11) DiNDy = {Dl NDy: Dy €Dy, Dy € DQ},
(iﬁ) D,y UDy = {Dl NDy: Dy €Dy, Dy € DQ}.

Proof. Exercise.

Examples.
- the class of intersections of two halfspaces,
- all ellipsoids,
- all half-ellipsoids,

- in R, the class {{x brz+...+ 02" <t}: (f) ERTH}.
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There are classes that are GC, but not VC.

Example. Let X = [0,1]2, and let D be the collection of all convex subsets of X. Then D is not
VC, but when P is uniform, D is GC.

Definition 4.3.3. The VC dimension of D is

V(D) = inf{n: mP(n) < 2"}.

The following Lemma is nice to know, but to avoid digressions, we will not provide a proof.

Lemma 4.3.4. We have that D is VC if and only if V(D) < co. In fact, we have for V = V(D),
14
mP(n) <30 (5)- a.

4.4. VC graph classes of functions.
Definition 4.4.1. The subgraph of a function g : X — R is

subgraph(g) = {(z,t) € X x R: g(z) > t}.
A collection of functions G is called a VC class if the subgraphs {subgraph(g) : g € G} form a VC class.
Example. G = {lp : D € D} is GC if D is GC.

Examples (X = R%).
a) G={g(x) =00+ 6121+ ... +04z4: 0 € RI}
b) G = {g(z) = |00 + bha1 + ... + 044 : 0 € R},

a+ bx %fmgc 5: 0
d+exr ifz>c

)

c)d=1,6= g(x):{

o QU R

d)d=1,G={g(x)=¢":  cR}.

Definition 4.4.1. Let S be some subset of a metric space (A, d). For 6 > 0, the §-packing number
D(4,S,d) of S is the largest value of N, such that there exist s1,...,sy in S with

d(sk,s;) >0, Vk#3j.

Note. For all 6 > 0,
N(6,S,d) < D(6,S,d).

Theorem 4.4.2. Let ) be any probability measure on X. Define d1,o(g,§) = Q(lg — §|). For a VC
class G with VC dimension V, we have for a constant A depending only on V,

N(6Q(G),G,d1.q) < max(A52Y e¥/*), V6> 0

Proof. Without loss of generality, assume Q(G) = 1. Choose S € X with distribution dQgs = GdQ.
Given S = s, choose T uniformly in the interval [-G(s),G(s)]. Let g1,...,gn be a maximal set in G,
such that Q(|g; — gr|) > ¢ for j # k. Consider a pair j # k. Given S = s, the probability that 7" falls in
between the two graphs of g; and gy, is

195(s) — gr(s)|
2G(s) ’

So the unconditional probability that T falls in between the two graphs of g; and gy is

195(5) — gr(s)] _ Qg =gk _ 0
/T(s)deS(s) = fk > >
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Now, choose n independent copies {(S;,T;)}"; of (T,S). The probability that none of these fall in

i=1
between the graphs of g; and gy is then at most

(1-6/2)".

The probability that for some j # k, none of these fall in between the graphs of g; and g is then at
most

N 1 no 1
_ n < - < =
<2>(1 0/2) 726Xp [2logN 2]2<17

when we choose n the smallest integer such that

"> 4105gN

So for such a value of n, with positive probability, for any j # k, some of the T; fall in between the
graphs of g; and gi. Therefore, we must have

N < en’.

But then, for N > exp[d/4],

4log N v 8log N\ 16V1og N7\
e[t ) (sl (1)

4] - ] ]

v
SC(l(;V) Nz,

N < 62 (16‘/>2V

N|=

So
1)
O

Corollary 4.4.3. Suppose G is VC and that [ GdP < co. Then by Theorem 4.4.2 and Theorem
4.1.4, we have || P, — P|lg —F 0.

4.5. Exercises.

Exercise 1. Let G be a finite class of functions, with cardinality |G| := N > 1. Suppose that for some
finite constant K,

max <K.

nax gl <

Use Bernstein’s inequality to show that for

4log N
n

6% > [6K + K]
one has
P(|P, — Pllg > 6) < 2ex ___n®
n T Hlle 2 0) = 2GR 1 K2)

Exercise 2. Let G be a finite class of functions, with cardinality |G| := N > 1. Suppose that G has
envelope G satisfying
P(G) < 0.

Let 0 < < 1, and take K large enough, so that

P(GI{G > K}) < °.
Show that for
log N

)

0> 4K
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P ([P, — Pllg > 46) < 8exp | "0 | 46
n— Hllg =0 T g2 T

Hint: use
|Pn(g) — P(g)| < [Pa(g{G < K}) — P((9{G < K}

+P,(GYG > K}) + P(G{G > K}).

Exercise 3. Let G be a class of functions, with envelope G, satisfying P(G) < oo and % log N(6,G,dy ) —F

0. Show that ||P, — P|lg —F 0.

Exercise 4.

Are the following classes of sets (functions) VC? Why (not)?
1) The class of all rectangles in R

2) The class of all monotone functions on R.

3) The class of functions on [0, 1] given by

G = {g(z) = ae’® + e : (a,b,c,d) € [0,1]*}.
4) The class of all sections in R? (a section is of the form {(x1,72) : ¥1 = a1 +rsint,xo = az+rcost, 0; <
t < 6y}, for some (a1, az) € R?, some r > 0, and some 0 < 0; < 6y < 27).
5) The class of all star-shaped sets in R? (a set D is star-shaped if for some a € D and all b € D also all
points on the line segment joining a and b are in D).
Exercise 5.

Let G be the class of all functions g on [0, 1] with derivative ¢ satisfying |g| < 1. Check that G is not
VC. Show that G is GC by using partial integration and the Glivenko-Cantelli Theorem for the empirical
distribution function.
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5. M-estimators
5.1 What is an M-estimator? Let X;,...,X,,,... be i.i.d. copies of a random variable X with
values in X and with distribution P.

Let © be a parameter space (a subset of some metric space) and let for § € ©,
Y9 : X = R,
be some loss function. We assume P(|g]) < oo for all § € ©. We estimate the unknown parameter
O = in P
0 := argmin P(vp),

by the M-estimator

0, = in P, .
n = arg min ' (70)

We assume that 6y exists and is unique and that 0,, exists.

Examples.
(i) Location estimators. X =R, © =R, and
(i.a) vo(z) = (z — 0)? (estimating the mean),
(i.b) vp(x) = |z — 6] (estimating the median).
(ii) Maximum likelihood. {pg : 0 € O} family of densities w.r.t. o-finite dominating measure x, and

76 = — log pg.

If dP/dy = pg,, 0o € O, then indeed 6y is a minimizer of P(vy), § € ©.

(ii.a) Poisson distribution:
x

0
po(x) = eea, 0>0, ze{l,2...}

(ii.b) Logistic distribution:

e@—a:
=—_ _ 0cR R.
po() 1+ c0=2)2’ cR, rc
5.2. Consistency. Define for 6 € O,
R(0) = P(y0),

and
Ry (0) = Pa(7e)-
We first present an easy proposition with a too stringent condition (e).

Proposition 5.2.1. Suppose that 6 — R(6) is continuous. Assume moreover that

(¢) sup Ry, (0) — R(6)| =7 0,
0coe

i.e., that {vp: 6 € ©} is a GC class. Then 6, —F 0,.
Proof. We have
0 < R(8,) — R(6o)
< [R(én) — R(0o)] - [Rn(én) — R, (00)] —F0.

So R(6,) —F R(6,) and hence 6,, —F 6.

The assumption (e) is hardly ever met, because it is close to requiring compactness of ©.
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Lemma 5.2.2. Suppose that (0,d) is compact and that 6 — 7y is continuous. Moreover, assume
that P(G) < oo, where

G = sup |yp]-
0cO
Then
sup |R,(0) — R(0)| —F 0.
6cO
Proof. Let
w(l,p) = sup |y — 5l
{0: d(6,0)<p)
Then

w(f,p) — 0, p— 0.

By dominated convergence
P(w(8,p)) — 0.

Let > 0 be arbitrary. Take py in such a way that
P(w(0, po)) <.
Let By = {0 : d(0,0) < pg} and let By, ,..., By, be a finite cover of ©. Then for G = {7, : 0 € O},
P(N(20,G,d1.,) > N) — 0.
So the result follows from Theorem 4.1.4. O

We give a lemma, which replaces compactness by a convexity assumption.

Lemma 5.2.3. Suppose that © is a convex subset of R", and that 6 — ~yy, § € © is continuous and
convex. Suppose P(G.) < oo for some € > 0, where

Ge = sup |’70|
[60—60]I<e

Then én —Pg,.
Proof. Because © is finite-dimensional, the set {||0 — 6p|| < €} is compact. So by Lemma 5.2.2,

sup  |Ra(0) — R(6)| =7 0.

16—60ll<e
Define
B €
€+ [[0n — 6o
and R .
0, = ab, + (1 — a)by.

Then ~

|67 — 6ol < e.
Moreover,

It follows from the arguments used in the proof of Proposition 5.2.1, that ||6,, — 6o|| —F 0. But then also

el =0l _p

Hén —boll = =
€~ [0n — ol

5.3. Exercises.
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Exercise 1. Let Y € {0,1} be a binary response variable and Z € R be a covariable. Assume the

logistic regression model
1

1 + explao + Boz]’

where 0y = (g, ) € R? is an unknown parameter. Let {(Y;, Z;)}"; be i.i.d. copies of (Y, Z). Show
consistency of the MLE of 6.

Py (Y =1|Z=2) =

Exercise 2. Suppose X;i,...,X,, are i.i.d. real-valued random variables with density fo = dP/du on
[0,1]. Here, u is Lebesgue measure on [0,1]. Suppose it is given that f, € F, with F the set of all
decreasing densities bounded from above by 2 and from below by 1/2. Let fn be the MLE. Can you
show consistency of fn7 For what metric?
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6. Uniform central limit theorems

After having studied uniform laws of large numbers, a natural question is: can we also prove uniform
central limit theorems? It turns out that precisely defining what a uniform central limit theorem is,
is quite involved, and actually beyond our scope. In Sections 6.1-6.4 we will therefore only briefly
indicate the results, and not present any proofs. These sections only reveal a glimps of the topic of
weak convergence on abstract spaces. The thing to remember from them is the concept asymptotic
continuity, because we will use that concept in our statistical applications. In Section 6.5 we will prove
that the empirical process indexed by a VC graph class is asymptotically continuous. This result will be
a corollary of another result of interest to (theoretical) statisticians: a result relating the increments of
the empirical process to the entropy of G.

6.1. Real-valued random variables. Let X = R.

Central limit theorem in R. Suppose EX = u, and var(X) = o2 exist. Then

P (\/E(X”U_ By < z) — ®(2), for all z,

where ® is the standard normal distribution function. 0.

Notation. B
Xn— 1

ﬁ( )J N(0,1),

or
\/E(Xn - N) 4’[: N(Oa 02)'
6.2. R%valued random variables. Let X, X5, ... be i.i.d. R%valued random variables copies of

X, (X € X = RY), with expectation 1 = EX, and covariance matrix ¥ = EXX7T — 7.

Central limit theorem in R%. We have

Vii(X, - p) = N(0,5),

ie.

Vv [aT (X, — p)] =% N(0,a"%a), for all a € R%.
0.

6.3. Domnsker’s Theorem. Let X = R. Recall the definition of the distribution function F and
the empirical distribution function F,:

F(t)=P(X <t), teR,

1
Fo(t) = ~#{X; <t, 1<i<n} teR.

Define
W, (t) := v/n(F,(t) — F(t)), t € R.

By the central limit theorem in R (Section 6.1), for all ¢
W, (t) = N (0, F(t)(1 — F(1))).

Also, by the central limit theorem in R? (Section 6.2), for all s < t,
(Wels)) = v,z

where
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We are now going to consider the stochastic process W,, = {W,,(¢t) : t € R}. The process W,, is
called the (classical) empirical process.

Definition 6.3.1. Let Ky be the collection of bounded functions on [0,1] The stochastic process
B(+) € Ky, is called the standard Brownian bridge if
- B(0) =B(1) =0,
B(t1)

-for all 7 > 1 and all ¢q,...,t. € (0,1), the vector : is multivariate normal with mean zero,

B(tr)
- for all s <'t, cov(B(s), B(t)) = s(1 —t).
- the sample paths of B are a.s. continuous.
We now consider the process Wr defined as

Thus, Wgp = Bo F.

Donsker’s theorem. Consider W,, and W as elements of the space KC of bounded functions on R.
We have
W, —* W,

that is,
Ef(Wn) — Ef(Wp),

for all continuous and bounded functions f. O

Reflection. Suppose F' is continuous. Then, since B is almost surely continuous, also Wgp = Bo F
is almost surely continuous. So W,, must be approximately continuous as well in some sense. Indeed, we
have for any ¢ and any sequence t,, converging to t,

(Wa(tn) — Wa(t)] -Fo.
This is called asymptotic continuity.

6.4. Donsker classes. Let Xi,...,X,,... be ii.d. copies of a random variable X, with values in
the space X, and with distribution P. Consider a class G of functions g : X — R. The (theoretical)
mean of a function g is

P(g) := Eg(X),

and the (empirical) average (based on the n observations Xi,...,X,) is

Here P, is the empirical distribution (based on Xi,...,X,).

Definition 6.4.1. The empirical process indexed by G is
vn(9) = Vn(Palg) — P(9)), 9 € G.

Let us recall the central limit theorem for g fixed. Denote the variance of g(X) by
o*(g) := var(9(X)) = P(¢°) — (P(9))*.

If 6%(g) < oo, we have
va(g) = N(0,0%(g))-

The central limit theorem also holds for finitely many g simultaneously. Let g and g; be two functions
and denote the covariance between gx(X) and ¢;(X) by

o (gk, gi) = cov(gr(X), qi(X)) = P(grg1) — P(gr)P(g1)-
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Then, whenever 02(g;,) < oo for k=1,...,r,

Vn(g1)
: _)L: N(O7Zgl7~uygr)’

Vn(gr)

where ¥4, 4 is the variance-covariance matrix

02(91) oo 0o(91,9r)
(*) Ygr,ngr = -
olgr,90) - *(gr)

Definition 6.4.2. Let v be a Gaussian process indexed by G. Assume that for each » € N and for
each finite collection {g1,...,g,} C G, the r-dimensional vector

v(g1)

v(gr)

has a N'(0,X,, .4, )-distribution, with X4, . defined in (*). We then call v the P-Brownian bridge
indexed by G.

Definition 6.4.3. Consider v,, and v as bounded functions on G. We call G a P-Donsker class if
vy —F v,

that is, if for all continuous and bounded functions f, we have

Ef(vn) — Ef(v).

Definition 6.4.4. The process v, on G is called asymptotically continuous if for all gg € G, and
all (possibly random) sequences {g,} C G with o(g, — go) —F 0, we have

|Vn(gn) — vn(g0)] —F 0.

We will use the notation

Il9ll3.5 == P(g°),

ie., || - |l2,p is the Lo(P)-norm.
Remark. Note that o(g) < ||gll2,p-

Definition 6.4.5. The class G is called totally bounded for the metric d2 p(g,9) := ||lg — Gll2.p
induced by || - ||2,p, if its entropy log N (-, G, do p) is finite.

Theorem 6.4.6. Suppose that G is totally bounded. Then G is a P-Donsker class if and only if v,
(as process on G) is asymptotically continuous.
O
6.5. Chaining and the increments of the empirical process.

6.5.1. Chaining. We will consider the increments of the symmetrized empirical process in Section
6.5.2. There, we will work conditionally on X = (X1,...,X,,). We now describe the chaining technique
in this context

Let

93,5, = Palg®)-
Let d2,(9,9) = |lg — Gll2.n, i-€., doy is the metric induced by || - ||2,n. Suppose that ||g||2,, < R for all

g € G. For notational convenience, we index the functions in G by a parameter § € ©: G = {gg : 6 € O}.
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Let for s = 0,1,2,..., {g]"”};\[:1 be a minimal 27° R-covering set of (G,ds2,). So Ny = N(27°R,G,ds.,),
and for each 0, there exists a g5 € {gi,..., 9%, } such that |[gs — gjll2,n < 27°R. We use the parameter 0

here to indicate which function in the covering set approximates a particular g. We may choose 99 =0,
since ||go|l2.» < R. Then for any S,

90 =) (95— 95") + (90 — 95)-

One can think of this as telescoping from gy to g5, i.e. we follow a path taking smaller and smaller steps.
As S — oo, we have maxi<i<n [go(Xi) — g5 (Xi)| — 0. The term 357 (g5 — g5~ ") can be handled by
exploiting the fact that as 6 varies, each summand involves only finitely many functions.

6.5.2. Increments of the symmetrized process.

We use the notation a V b = max{a, b} (a A b= min{a,b}).

Lemma 6.5.2.1. On the set sup,¢g ||9ll2,n < R, and

Jné > (14Z2SR\/log N(2-5R,G,ds.) V TORlog 2) 7
s=1

we have

Pac (sup P2 (9)] 2 5) < dexpl-

geG (7T0R)?

Proof. Let {gj}jvzl be a minimal 27°R-covering set of G, s =0,1,.... So Ny = N(27°R,G,d2 ).
Now, use chaining. Write g = Zfozl(gg — ngl). Note that by the triangle inequality,

< Ilg5 — gollzn + llgo — g5 ll2,n

195 —
<27°R+2°MR=3(27°R).
Let 71, be positive numbers satisfying > .-, 7s < 1. Then

Py <sup PY (g5 — g5 6)
0cO

> 1
< P ZP% (g — s—1 >5s
_; x(;lelgln (g8 — 957 1) = 77)

nd*n;

S ZQeXp[QlogNs — m]

s=1
What is a good choice for ns? We take

7x27°Ry/IogN, 27%\/s
Ns = \ .
V/né 8

Then indeed, by our condition on /nd,

o0

Z’]’]S<Z72 SR\llog Z - S% 1:1

Here, we used the bound

& oo
dos< +/ 27\ /zdx
s=1 1
< 1+/ 27%/xdx = 1—|—(71'/10g2)1/2 <A4.
0
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Observe that

_ Tx2°RVIog N,

Ns = \/65 ,
so that 52,2
2no0“n
2log Ny < ——— 5,
08N = g x -2 g2
Thus,
= nd’n? = 13n6%n?
2 2log Ny — ———=2 | < 2 — 5
; exp[2log B x o 2Re = ; Pl 9% 18 x 2B R
= 2n6%n?
< 2 L L ——
- ; exp| 49 x 3 x 2—23R2]

Next, invoke that n, > 275,/s/8:

oo oo
2n%n? nd?s
expl—— "0 Ms 1 N 9axp[—— 0%
; P g s Xy B S ; Tl

>, né?s né? 1 né?
< 2 — =2(1- — - —
< ; exp| (70R)2} (1 — exp] (70R)2]) exp| (70R)2]
nd?
<4 -
- exp[ (7OR)2 ]7
where in the last inequality, we used the assumption that
nd?
> log 2.
(T0R)z = 8
Thus, we have shown that
nd?
Px (sup P?(g)| > (5> < 4exp[— .
b I to) "~ ony?)

Remark. It is easy to see that
0o R
ZQ—SR\/logN(z—SR,g,dz,n) < 2/ \/1og N (u, G, dy.p,)du.
s=1 0

6.5.3. Asymptotic equicontinuity of the empirical process.
Fix some gy € G and let

G0)={9€G:llg—90

2.p <O}

Lemma 6.5.3.1. Suppose that G has envelope G, with P(G?) < oo, and that
1 P
—logN(8,G,d2) = 0.
n

Then for each 6 > 0 fixed (i.e., not depending on n), and for

24
% > 28A1/2(/ HY2(u)du Vv 26),
0
we have
CL2
limsupP | sup [vn(g) = va(go)l > a | < 16 exp[—— 7]
n—o0 (geg(é) (1400)?
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H da
+ limsup P <sup M > A) .
n— oo u>0 H(U)

Proof. The conditions P(G?) < co and imply that

sup||lg — goll2,n — lg — goll2,p| —=F O..
g€eg

So eventually, for each fixed § > 0, with large probability

sup [|g — goll2,n < 26.
9€G(9)

The result now follows from Lemma 6.5.2.1. O
Our next step is proving asymptotic equicontinuity of the empirical process. This means that we
shall take a small in Lemma 6.5.3.1, which is possible if the entropy integral converges. Assume that

1
/ HY?(u)du < oo,
0

and define 5
J(6) = (/ HY2(w)du V ).
0

Roughly speaking, the increment at gg of the empirical process v, (g) behaves like J(§) for ||g — goll < 4.
So, since J(§) — 0 as § — 0, the increments can be made arbitrary small by taking § small enough.

Theorem 6.5.3.2. Suppose that G has envelope G with P(G?) < oo. Suppose that

H
lim limsup P (sup M > A) =0.
—00 n—oo0 u>0 H(U)

Also assume

1
/ HY?(u)du < oo.
0

Then the empirical process v, is asymptotically continuous at go, i.e., for all n > 0, there exists a § > 0
such that

(5.9) lim sup P ( sup |vn(g) — vn(g0)| > 77) <.
n—oo 9€g(9)

Proof. Take A > 1 sufficiently large, such that

16 exp[—A] <

N3

and

H P,
lim sup P (sup Hw 9, Pn) > A) <
n—00 u>0 H(u)

N3

Next, take ¢ sufficiently small, such that
4 x 28AY2J(26) < n.
Then by Lemma 6.5.3.1,

limsup P ( sup |vn(g9) — vn(go)| > T})
n—00 9€G(9)

AJ?(20 n
<16 exp[—(%()Q)} + 5
< 16 exp[—A] + g <,
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where we used
J(20) > 20.

O

Remark. Because the conditions in Theorem 6.5.3.2 do not depend on gg, its result holds for each
go i.e., we have in fact shown that v, is asymptotically continuous.

6.5.4. Application to VC graph classes.
Theorem 6.5.4.1. Suppose that G is a VC-graph class with envelope

G =sup|g]|
9€g

satisfying P(G?) < oo. Then {v,(g) : g € G} is asymptotically continuous, and so G is P-Donsker.
Proof. Apply Theorem 6.5.3.2 and Theorem 4.4.2.
O

Remark. In particular, suppose that VC -graph class G with square integrable envelope G is
parametrized by € in some parameter space © C R”, ie. G = {gg : 0 € O}. Let z,(0) = vn(90)-
Question: do we have that for a (random) sequence 6,, with 6,, — 6, (in probability), also

|20 (0r) — 2, (60)] —P 7

Indeed, if ||gg — ga, ||l2.p —F 0 as 6 converges to 0y, the answer is yes.
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7. Asymptotic normality of M-estimators.

Consider an M-estimator 0,, of a finite dimensional parameter 6. We will give conditions for asymp-
totic normality of 0,,. It turns out that these conditions in fact imply asymptotic linearity. Our first set
of conditions include differentiability in 0 at each x of the loss function vg(x). The proof of asymptotic
normality is then the easiest. In the second set of conditions, only differentiability in quadratic mean of
o is required.

The results of the previous chapter (asymptotic continuity) supply us with an elegant way to handle
remainder terms in the proofs.

In this chapter, we assume that g is an interior point of ©® C R". Moreoever, we assume that we
already showed that 6,, is consistent.

7.1. Asymptotic linearity.

Definition 7.1.1. The (sequence of) estimator(s) 0,, of 6y is called asymptotically linear if we

may write
Vb, — b0) = VnPa(1) + op (1),

where
Iy

I=(:]:&—=R",
Ly
satisfies P(I) = 0 and P(I}) < oo, k = 1,...,r. The function [ is then called the influence function.

For the case r = 1, we call 02 := P(I?) the asymptotic variance.

Definition 7.1.2. Let én,l and éng be two asymptotically linear estimators of 6y, with asymptotic

variance 0% and o3 respectively. Then

2
g2

€12 = —5
s O'%

is called the asymptotic relative efficiency (of én,l as compared to éng)

7.2. Conditions a,b and c for asymptotic normality. We start with 3 conditions a,b and c,
which are easier to check but more stringent. We later relax them to conditions A,B and C.

Condition a. There exists an € > 0 such that @ — -~y is differentiable for all |§ — 6y| < € and all z,
with derivative

0
Yo(x) := %’Ye(x), rEX.

Condition b. We have as 0 — 6,
P(vo —ve,) = V(0 — o) + o(1)|0 — o],
where V is a positive definite matrix.
Condition c. There exists an € > 0 such that the class
{vo: [0 — 00| <e}
and is P-Donsker with envelope ¥ satisfying P(¥?) < co. Moreover,

lim [[109 — vy, ||2,p = 0.
6—0

Lemma 7.2.1. Suppose conditions a,b and c. Then 0, is asymptotically linear with influence
function

l = _V71¢907

SO

Vb, —0o) = N(0,VLIv1),
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where
J = P('L/)Qoz/}g;)'

O
Proof. Recall that 6 is an interior point of ©, and minimizes P(7p), so that P(t,) = 0. Because

0, is consistent, it is eventually a solution of the score equations

Rewrite the score equations as
0= Pn(hg,) = Pultbg, — Vo,) + Pnltb,)

= (Pn = P)(thy, —ve,) + P(¥5,) + Pn(tbg, ).
Now, use condition b and the asymptotic equicontinuity of {1y : |0 — 0y| < €} (see Chapter 6), to obtain
0=op(n/?) + V(b — o) + 0(|0 — bo]) + Pu (e, )-
This yields .
(On — 00) = =V " Po(tg,) + op(n /).
O

Example: Huber estimator Let X = R, © = R. The Huber estimator corresponds to the loss
function

Yo(x) = y(x —0),
with
v(z) = 22 |z| < kY + (2k|z| — E*)Y|z| > k}, = € R.
Here, 0 < k < oo is some fixed constant, chosen by the statistician. We will now verify a,b and c.
a)
+2k ife—0<k
Po(x) = {—2(x—0) iflx—0) <k .
—2k ife—0>k
b) We have
d
7 / YodP =2(F(k +0) — F(—k +90)),
where F'(t) = P(X <t), ¢t € R is the distribution function. So
V =2(F(k+6g) — F(—k +0o)).

¢) Clearly 1y : @ € R is a VC graph class, with envelope ¥ < 2k.
So the Huber estimator 6,, has influence function

_k .
FOi00) F(kio) L@~ <—k
Wz) = Fora—Frrey flr—0l <k
k .
PO~ F(—htoy) Lt 0=k

The asymptotic variance is

2 —k+60o
(F(k+6y) — F(—k+6p))?

RPF(—k+00) + ["V (2 — 00)2dF (x) + K2(1 — F(k + 6p))

7.3. Asymptotics for the median. The median (see Example (i.b) in Chapter 5) can be regarded
as the limiting case of a Huber estimator, with &k | 0. However, the loss function vy(z) = |2 — 0| is not
differentiable, i.e., does not satisfy condition a. For even sample sizes, we do nevertheless have the score

equation F,(6,) — % = 0. Let us investigate this closer.
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Let X € R have distribution F, and let F;, be the empirical distribution. The population median 6y is
a solution of the equation

F(6y) = 0.
We assume this solution exists and also that F' has positive density f in a neighborhood of #y. Consider
now for simplicity even sample sizes n and let the sample median 6,, be any solution of

Then we get

where W,, = \/n(F,, — F) is the empirical process. Since F' is continuous at 6y, and 0,, — 0o, we have
by the asymptotic continuity of the empirical process (Section 6.3), that W, (0,,) = W, (o) + op(1). We
thus arrive at

0= W, (6o) + v [F(én) - F(oo)] +op(1)

= Wa(6o) + v/nlf(60) + o(1)][6 — o).

In other words,

V(0 — 0o) = —V?(Léi())) +op(1).
So the influence function is . .
1) = {f(“ s
+m if ¢ > 00
and the asymptotic variance is .
2
- A4f(00)%

We can now compare median and mean. It is easily seen that the asymptotic relative efficiency of
the mean as compared to the median is

1
4U§f(90)2’

where 02 = var(X). So e1 2 = 7/2 for the normal distribution, and e; » = 1/2 for the double exponential
(Laplace) distribution. The density of the double exponential distribution is

2p —
exp [—Ml , x€R.

00

€1,2 =

1
f(z) =
@)=~

7.4. Conditions A,B and C for asymptotic normaility. We are now going to relax the condition

of differentiability of ~y.

Condition A. (Differentiability in quadratic mean.) There exists a function ¥y : X — R", with
P(Q/Jak) < oo, k=1,...,r, such that

6—00 |9— 00|

=0.

Condition B. We have as 6 — 6,

P(36) ~ P(30,) = 30— 00)7 V(0 — ) + o(1]6 — ",
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with V a positive definite matrix.

Condition C. Define for 6 # 6,
_ Yo~ Y6
10— o]
Suppose that for some € > 0, the class {gg : 0 < |0 — 09| < €} is a P-Donsker class with envelope G
satisfying P(G?) < oo.

ge

Lemma 7.4.1. Suppose conditions A,B and C are met. Then 0,, has influence function
I ==V,

and so .
V(b —00) =E N(O, VLIV,
where J = [ oyl dP.
Proof. Since {gg: |0 — 0| < €} is a P-Donsker class, and 0, is consistent, we may write

02> Pu(v5, —00) = (Pn — P)(vg, —00) + P75, —00)
= (P~ P)(90)l0 — b0l + P35, ~ 0,
= (P — P)(05 — 00) "o + op (") + P(v;. — 70,)
= (P P)(0u — 00) w0+ 00 (n™2)[0 — o] + £ (B~ 00)"V (B — 00) + o1 — ).

This implies |6,, — 6| = Op(n~/2). But then

A 1
VY20 — 00) + V12 (Po = P) (o) + op(n™1/)]* < op ().
Therefore, A
0 — 60 = =V (P, — P) () + op(n~'/?).
Because P(tpg) = 0, the result follows, and the asymptotic covariance matrix is V-1 JV =1, a

7.5.Exercises.

Exercise 1. Suppose X has the logistic distribution with location parameter 6 (see Example (ii.b) of
Chapter 5). Show that the maximum likelihood estimator has asymptotic variance equal to 3, and the
median has asymptotic variance equal to 4. Hence, the asymptotic relative efficiency of the maximum
likelihood estimator as compared to the median is 4/3.

Exercise 2. Let (X;,Y;),i=1,...,n,... beii.d. copies of (X,Y), where X € R? and Y € R. Suppose
that the conditional distribution of Y given X = x has median m(z) = g + a1x1 + . . . g4, with
o
a= : e R,
Qq

Assume moreover that given X = xz, the random variable Y — m(z) has a density f not depending on z,
with f positive in a neighborhood of zero. Suppose moreover that

1 X
Z_E<X XXT>

1 n
ap = arg min —
a€R4+I N 4

exists. Let

Vi —ap—a1Xi1 — ... —agXial,
1

be the least absolute deviations (LAD) estimator. Show that
1
« c -1
Vn(éy, —a) — N(O, 4f2(0)2 ) ,

by verifying conditions A,B and C.
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8. Rates of convergence for least squares estimators

Probability inequalities for the least squares estimator are obtained, under conditions on the entropy of
the class of regression functions. In the examples, we study smooth regression functions, functions of
bounded variation, concave functions, analytic functions, and image restoration. Results for he entropies
of various classes of functions is taken from the literature on approximation theory.

Let Y7,...,Y, be real-valued observations, satisfying
Y; :gO(Zz)+Wu i:]-v"'vna

with z1,...,2, (fixed) covariates in a space Z, Wi,...,W,, independent errors with expectation zero,
and with the unknown regression function gg in a given class G of regression functions. The least squares
estimator is

Jp = arg min Y; — g(z:))?.
g ggeg;( 9(z))

Throughout, we assume that a minimizer g, € G of the sum of squares exists, but it need not be unique.
The following notation will be used. The empirical measure of the covariates is

For ¢ a function on Z, we denote its squared Lo(Q,,)-norm by

1 n
lgll7 := llgll3.0, = — > 9 (z).
i=1
The empirical inner product between error and regression function is written as
1 n
(W, 9)n = - Z Wig(2:).
=1
Finally, we let

G(R):={9€G: [lg—golln <R}

denote a ball around gy with radius R, intersected with G.
The main idea to arrive at rates of convergence for g, is to invoke the basic inequality

lgn — gOHEL < 2(w, gn — 90)n-

The modulus of continuity of the process {(w,g — go)n : g € G(R)} can be derived from the entropy of
G(R), endowed with the metric

8.1. Gaussian errors.
When the errors are Gaussian, it is not hard to extend the maximal inequality of Lemma 6.5.2.1. We
therefore, and to simplify the exposition, will assume in this chapter that

Wi,..., W, are i.i,d, N(0,1)—distributed.

Then, as in Lemma 6.5.2.1, for

R
Vnd > 28/ Vlog N(u,G(R),d,)du V T0Rlog 2,
0

we have

nd?
Pl sup (w,9—go)n =6 | <4dexp {— } . *
(geg(m( g — 9o0) ) (T0R)2 (*)
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8.2. Rates of convergence.
Define

4
J(6,G(8),d,,) :/0 Vlog N(u,G(8),d,)du V 6.

Theorem 8.2.1. Take ¥() > J(4,G(5),d,,) in such a way that W(8)/6? is a non-increasing function
of §. Then for a constant ¢, and for
Vnd, > c¥(6,)
we have for all 6 > 6,
R nd?2
P(lgn — golla > 8) < coxpl~"5].

Proof. We have
P([[gn — golln > 9) <

>p < sup  (w,9— go)n = 223‘152> => P,
s=0

s—0 geG(2:5+14)

Now, if
\/ﬁai 2 01\11(577,)7

then also for all 25116 > 6,
Vn2# 262 > e 0 (2°119).

So, for an appropriate choice of ¢;, we may apply (*) to each P,. This gives, for some cs, cs,

oo o0 3
n24s=254 né?
S;)Ps S ;)CQ exp[—m] S C3 eXp[—g]

Take ¢ = max{cy, co,c3}. O
8.3. Examples.

Example 8.3.1. Linear regression. Let
G=A{g9(z) =011(2) +...+0,9.(2): € R"}.
One may verify

6+ 4u

log N (u,G(0),d,) < rlog( ), forall 0 <u < 4§, § >0.

So

5 5
/0 \/logN(u,g(d),dn)duSTI/Q/O logl/Z(M%w)du

1
= r1/25/ log'/2(1 + 4v)dv := Agr'/?s.
0

(5n > CAO\/?.
n

It yields that for some constant ¢ (not the same at each appearance) and for all T' > ¢,

So Theorem 8.2.1 can be applied with

~ r TQT
P(|[gn — g0lln > T\/;) < CeXp[_CT}'

(Note that we made extensive use here from the fact that it suffices to calculate the local entropy of G.)
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Example 8.3.2. Smooth functions. Let
G—{g: (0.1 = R, (g™ (2)7d= < M%),

Let ¢p(2) = 2*71 k= 1,...,m, ¥(2) = (¥1(2),...,¥m(2))T and X, = [¢9TdQ,. Denote the
smallest eigenvalue of 3, by A,, and assume that

An > A >0, for all n > ng.
One can show (Kolmogorov and Tihomirov (1959)) that
log N(8,G(8), dn) < As~, for small § > 0,
where the constant A depends on A. Hence, we find from Theorem 8.2.1 that for T > ¢, ,

1
T2n 2m+1

P([|gn — golln > Tn™757) < cexp[~——

C

Example 8.3.3. Functions of bounded variation in R. Let

G={9:R—R, /|g’(z)|dz < M}.

Without loss of generality, we may assume that z; < ... < z,. The derivative should be understood in
the generalized sense:

19 @z =Y lo(es) = g0

e ::/ngn.

,,,,,

Define for g € G,

Then it is easy to see that,

One can now show (Birman and Solomjak (1967)) that
log N(6,G(6),d,) < As~*, for small § > 0,
and therefore, for all T > ¢,

T2n1/3

P([|gn — golln > Tn~3) < cexp|— =z

Example 8.3.4. Functions of bounded variation in R2. Suppose that z; = (ux,v;), i = kI,
k=1,....,n1,l=1,...,n9, n =mning, with uy < ... <uy,, v1 <... <w,,. Consider the class

G={g:R* =R, I(g) <M}

where
I(g) := Io(9) + I1(g91.) + I2(g.2),

na na
Io(g) ==Y > lglur, o) = g(u—1,v1) = gk, vi-1) + g(up—1,v1-1)],

k=2 1=2

1 &
gl(u) = ;2 Zg(uvvl)a
=1
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and

Z|92 Ul 92 V- 1)|

Thus, each g € G as well as its marginals have total variation bounded by M. We apply the result of
Ball and Pajor (1990) on convex hulls. Let

A := {all distribution functions F' on R?},
and
K:= {1(_0072] AS RQ}.
Clearly, A = conv(K), and

N, K, dy) < 54,fora115>0

Then from Pall and Pajor (1990),
log N (6, A, dy,) < A5~ 3, for all § > 0.

The same bound holds therefore for any uniformly bounded subset of G. Now, any function g € G can
be expressed as

9(u,v) = g(u,v) + gr.(u) + g2 (v) + @,

where
ny no
= n § E g ukvvk
12 3=
and where
ny no
E E (ug, )
k=1 1=1
ni
§1~(uk) =0,
k=1
as well as

> Ga(uw) =0.

It is easy to see that
|§(Uk7’()l)| < I()(g) = IO(Q)? k= 17"'7”17 l= 17"'7”27

191 (ui)| < 11(G1) = (1), k=1,...,n1,
and

lg2(v)| < I2(g2) = I2(g2), [=1,...,n2.
Whence

{9+ +3g2: g€ G}
is a uniformly bounded class, for which the entropy bound A;6~%/3 holds, with A; depending on M. It
follows that 5
log N (u,G(0),d,) < A3 4 Ay log(=), 0 <u <.
u
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From Theorem 8.2.1, we find for all T' > ¢,

T2n3
c? )

. _3
P(||gn — golln > Tn~10) < cexp[—

The result can be extended to functions of bounded variation in R”. Then one finds the rate ||g, —
R EE
golln = Op(n™2717).

Example 8.3.5. Concave functions. Let
G={g:[0,1]] >R, 0< g <M, ¢ decreasing}.
Then G is a subset of .
(o:0.0 =R, [ 1g" )1z < 201}

Birman and Solomjak (1967) prove that for all m € {2,3,...},

1
log N(6,{g:10,1] — [0,1] : 19" (2)|dz < 1}, dso) < AS™ 7, for all § > 0.
0
Again, our class G is not uniformly bounded, but we can write for g € G,

g =g+ g2,

with g1(z) 1= 01 + 622 and |g2|oc < 2M. Assume now that L 3" | (z; — 2)? stays away from 0. Then,
we obtain for T > ¢,
T?ns

A _2
P(lgn — golln > Tn™5) < cexp|— = ].

Example 8.3.6. Analytic functions. Let

G={g9:[0,1]] - R: g(k) exists for all k£ > 0, |g(k)|OC < M for all k > m}.

Lemma 8.3.1 We have

log (34 30+6
08 N1, G(0),) < (P2 1) v mytogPE0), 0 <
Proof. Take (M)
log( £+
(Fpgs?l+Dvm,

where |z is the integer part of > 0. For each g € G, we can find a polynomial f of degree d — 1 such
that

9(2) — F2)| < Mlz = 51 < MG) <

Now, let F be the collection of all polynomials of degree d — 1, and let fy € F be the approximating
polynomial of go, with |go — foloo < u.

If |lg — golln < 6, we find || f — folln < 0 + 2u. We know that

6 + 6u

log N (u, F(§ + 2u),d,) < dlog( ), u>0,0>0.

If || f = flln <wand |g — floo < u as well as |§ — f|oo < u, we obtain [|g — §||n» < 3u. So,

log(21) 0+ 6u

H(3u,G,(9),dn) < ( log 2 +1)vm) log(T)7 u>0,d>0.
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From Theorem 8.2.1, it follows that for T' > ¢,

T21
P(|gn — golln > Tn=Y/?10g"? n) < cexp[~—3"].
C

Example 8.3.7. Image restoration.

Case (i). Let Z C R? be some subset of the plane. Each site z € Z has a certain gray-level go(2),
which is expressed as a number between 0 and 1, i.e., go(z) € [0,1]. We have noisy data on a set of
n=nyng pixels {zi;: k=1,...,n1, [ =1,....,m} C Z:

where the measurement errors {Wy;

Y = go(zr) + Wi,
Let

k=1,...,n1, Il =1,...,n2} are independent A (0,1) random
where

variables. Now, each patch of a certain gray-level is a mixture of certain amounts of black and white.
G = conv(K),

K:={lp: DeD}.
Assume that

N6, K,dy) <cd™, for all 6 > 0.
Then from Ball and Pajor(1990),

log N(3,G,dy,) < AS~ 7%, for all § > 0.
It follows from Theorem 8.2.1 that for T > ¢,

~ _ 24w
P(lgn — golln > Tn™ 3+1w) < cexp[—
and

T?n=%w
2 7
Case (ii). Consider a black-and-white image observed with noise. Let Z = [0,1]? be the unit square,
(2) = 1, if z is black,
9012V =\ 0, if z is white .
The black part of the image is

Dy :={z €0, 1]2 2 go(z) =1}
We observe

Y = g(zx1) + Wi,
Suppose that

with zg; = (ug, v1), up = k/m, vy =1/m, k,l € {1,...,m}. The total number of pixels is thus n = m
and write

2.
Dy € D = {all convex subsets of [0, 1]},

G:={lp: DeD}.
Dudley (1984) shows that for all § > 0 sufficiently small
log N(6,G,d,) < A6 %,

so that for T > ¢,

N _2 TQn%
P(||gn — golln > Tn~ %) < cexp|[—

symmetric difference by

c2 I
Let Dn be the estimate of the black area, so that g, = an For two sets Dy and D, denote the

DlADQ = (Dl N Dg) @] (Df N DQ)
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Since Q.. (D) = ||1p||?, we find
Qn(DnADg) = Op(n~3).
Remark. In higher dimensions, say £ = [0,1]", r > 2, the class G of indicators of convex sets has

entropy
log N(5,G,dy) < As~"=, 6| 0,

provided that the pixels are on a regular grid (see Dudley (1984)). So the rate is then
Op(n~73) Lif r € {2,3,4},

Qn(D,ADgy) = Op(n~2logn), ifr=>5,
Op(n~71), ifr>6.

For r > 5, the least squares estimator converges with suboptimal rate.

8.4. Exercises.

8.1. Let Yi,...,Y, be independent, uniformly sub-Gaussian random variables, with EY; = «g for
t=1,...,|nv], and EY; = Gy for ¢ = |ny]| + 1,...,n, where ap, By and the change point 7, are
completely unknown. Write go(i) = g(4; o, 5o,70) = aol{l < i < [nyo]} + Bol{|nvy] +1 < i < n}.
We call the parameter (ag, 5o,70) identifiable if oy # Gy and v9 € (0,1). Let g, = g(-;dn,ﬁn,%) be
the least squares estimator. Show that if ag, 89,70 is identifiable, then ||g, — goll, = Op(n~'/?), and
& — o] = Op (012, | Bn—Fo| = Op(n=1/2), and |9, —0| = Op(n~1). If (o, Bo, 7o) is not identifiable,
show that [|g, — golln = Op(n~/?(loglogn)'/?).

8.2. Let z; =i/n,i=1,...,n, and let G consist of the functions

(2) = ay + agz, if z <~
9\z) = B1+ Poz, ifz>v"

Suppose gp is continuous, but does have a kink at vp: a0 = 20 =0, f1,0 = —%, B20=1,and yg = %
Show that ||gn, — golln = Op(n~'/?), and that |4, — ag| = Op(n=1/?), |Bn — Bo] = Op(n=1/2) and
n — 70| = Op(n=1/3).

8.3. If G is a uniformly bounded class of increasing functions, show that it follows from Theorem 8.2.1

that [|gn — golln = Op(n~"/3(logn)/3). (Actually, by a more tight bound on the entropy one has the
rate Op(n~'/3), see Example 8.3.3.).
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9. Penalized least squares

We revisit the regression problem of the previous chapter (but use a slightly different notation). One has
observations {(x;, Y;)}",, with 1, ..., z, fixed co-variables, and Y7, ..., Y}, response variables, satisfying
the regression

Y; :fO(xi)—’_ei, i=1,...,n,

where €1, ..., €, are independent and centered noise variables, and fy is an unknown function on X. The
errors are assumed to be N(0, 0*)-distributed.
Let F be a collection of regression functions. The penalized least squares estimator is

f = argmin {;Z Y — f)l? + pen(f)} .
=1

feF

Here pen(f) is a penalty on the complexity of the function f. Let @, be the empirical distribution of
Z1,...,Zy, and || - ||n be the Lo(Q,)-norm. Define

fo= argmin {IIf = foll2 + pen(f)} -

Our aim is to show that
(%) E| fn — foll7 < const. {[|f. — foll5 + pen(f.)} .

When this aim is indeed reached, we loosely say that fn satisfies an oracle inequality. In fact, what (*)
says it that fn behaves as the noiseless version f,. That means so to speak that we “overruled” the
variance of the noise.

In Section 9.1, we recall the definitions of estimation and approximation error. Section 9.2 calculates
the estimation error when one employs least squares estimation, without penalty, over a finite model
class. The estimation error turns out to behave as the log-cardinality of the model class. Section 9.3
shows that when considering a collection of nested finite models, a penalty pen(f) proportional to the
log-cardinality of the smallest class containing f will indeed mimic the oracle over this collection of
models. In Section 9.4, we consider general penalties. It turns out that the (local) entropy of the model
classes plays a crucial rule. The local entropy a finite-dimensional space is proportional to its dimension.
For a finite class, the entropy is (bounded by) its log-cardinality.

Whether or not (*) holds true depends on the choice of the penalty. In Section 9.4, we show that
when the penalty is taken “too small” there will appear an additional term showing that not all variance
was “killed”. Section 9.5 presents an example.

Throughout this chapter, we assume the noise level ¢ > 0 to be known. In that case, by a rescaling
argument, one can assume without loss of generality that ¢ = 1. In general, one needs a good estimate of
an upper bound for o, because the penalties considered in this chapter depend on the noise level. When
one replaces the unknown noise level o by an estimated upper bound, the penalty in fact becomes data
dependent.

9.1. Estimation and approximation error. Let F be a model class. Consider the least squares
estimator without penalty

1 n
n\" - i - Y;_ 1 2'
fn(5 F) arg min ”;:1| f(zs)]

The excess risk || f, (-, F) — fol|? of this estimator is the sum of estimation error and approximation error.

Now, if we have a collection of models {F}, a penalty is usually some measure of the complexity
of the model class F. With some abuse of notation, write this penalty as pen(F). The corresponding
penalty on the functions f is then

pen(f) = fyl;gfpen(f)-
We may then write

R ) 1 — 5
fn= arg min, {n ; Yi — fulai, F)IP + pen(f)} ;

42



where f,,(-, F) is the least squares estimator over F. Similarly,
T in {||£.(, F) = foll5 + pen(F)},
! argffg{lg}{\lf (wF) = folls, + pen(F)}

where f.(-, F) is the best approximation of fy in the model F.

As we will see, taking pen(F) proportional to (an estimate) of the estimation error of f, (-, F) will
(up to constants and possibly (logn)-factors) balance estimation error and approximation error.

In this chapter, the empirical process takes the form

1 n
vn(f) = NG ;Q‘f(%'),

with the function f ranging over (some subclass of) F. Probability inequalities for the empirical process
are derived using Exercise 2.4.1. The latter is for normally distributed random variables. It is exactly
at this place where our assumption of normally distributed noise comes in. Relaxing the normality
assumption is straightforward, provided a proper probability inequality, an inequality of sub-Gaussian
type, goes through. In fact, at the cost of additional, essentially technical, assumptions, an inequality of
exponential type on the errors is sufficient as well (see van de Geer (2000)).

9.2. Finite models. Let F be a finite collection of functions, with cardinality |F| > 2. Consider
the least squares estimator over F

n

R 1
n — in — Y;— 3 2.
f argggggﬂE | f(xi)]

i=1
In this section, F is fixed, and we do not explicitly express the dependency of fn on F. Define

l.f« = folln = ffréig If = folln-

The dependence of f, on F is also not expressed in the notation of this section. Alternatively stated, we

take here 0 VfeF
€
pen(f) = {oo Vf e F\F

The result of Lemma 9.2.1 below implies that the estimation error is proportional to log|F|/n, i.e.,
it is logarithmic in the number of elements in the parameter space. We present the result in terms of a
probability inequality. An inequality for e.g., the average excess risk follows from this (see Exercise 9.1).

Lemma 9.2.1. We have for allt >0 and 0 < < 1,

. S 2
P (1 £l = (5 {1 - ol + 2B 4 20 < e,

Proof. We have the basic inequality

n

1= foll2 < 23" ex(Faw) = £u(w) + 1fs = foll2

i=1

By Exercise 2.1.1, for all £ > 0,

Ly e f(wi) = ful(m)) S \/W)

max
(fef, 1= Felln>0 1f = felln
< | F|exp[—(log | F| + nt?)] = exp[—nt?].

If Ly, € (fu(xi) = ful@:)) < (2log | F|/n + 2t2) 2| fr = filln, we have, using 2v/ab < a + b for all
non-negative a and b,

1fa = follf, < 22log |F|/n+26%) 2| fu = filln + Lf = ol
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< 0|l fn — foll2 + 4log |F|/(nd) + 42 /6 + (1 + 8)|| f. — foll2.
O

9.3. Nested, finite models. Let F; C F> C --- be a collection of nested, finite models, and let
F =U2_1 F,,. We assume log | Fi| > 1.

As indicated in Section 9.1, it is a good strategy to take the penalty proportional to the estimation
error. In the present context, this works as follows. Define

F(f) = Fipy, m(f) =argmin{m: f € Fpn},

and for some 0 < § < 1,

pen( ) = 1817

In coding theory, this penalty is quite familiar: when encoding a message using an encoder from F,,,
one needs to send, in addition to the encoded message, log, | F,,| bits to tell the receiver which encoder
was used.

Let

fn = argrfrgg{:l;m —f(ffi)2+Pen(f)}a

and
fo= arg?grf,l{llf — follZ + pen(f)} .

Lemma 9.3.2. We have, for allt >0 and 0 < < 1,
; 2 1490 2 2 2
P [lfn = folln > (=) {l/« = follz + pen(f.) +4¢°/6} | < exp[—nt”].

Proof. Write down the basic inequality

€i(fu(2:) — fu(i)) + | f« = foll2 + pen(f.).

1

Ifu= foll +penf) < 23

K2

Define F; = {f: 27 < |log F(f)| <271}, j =0,1,.... We have for all t > 0, using Lemma 3.8,

_Xn: ei(f(@i) = felw)) > Blog |F(f)|/n+26*)" 2| f — f*|n>

S

<> P (3 FEF =3 alfla) - fula) > (274 n+ 24212 f - f*|n>

i=1

< Zexp@j*l — (272 4 nt?)] = z:exp[—@j+1 + nt?)]
j=0

< Zexp[—(j +1+nt?)] < /000 exp[—(z + nt?)] = exp[—nt?].

But if Y0 €(fu(w:) — fu(@:))/n < (8log | F(fn)|/n 4 2t2)/2|| f, — fu|ln, the basic inequality gives
1 = folls, < 28108 |F(fo)l/n +26%) 2| fo = fulln + [ f+ = foll + pen(f.) — pen(f,)

< 0|l fu = foll}, + 1610g |F(f)]/(nd) — pen(f) + 4% /8 + (1 + 8)|| f« = foll7, + pen(f.)

= 0[\fn = foll2 +462/5 + (1 + 8)[1f = Joll% + pen(fs),
by the definition of pen(f).
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9.4. General penalties. In the general case with possibly infinite model classes F, we may replace
the log-cardinality of a class by its entropy.

Definition. Let u > 0 be arbitrary and let N(u, F,d,) be the minimum number of balls with radius
u necessary to cover F. Then {H(u,F,d,) := log N(u,F,dy,) : w > 0} is called the entropy of F (for
the metric d,, induced by the norm || - ||,).

Recall the definition of the estimator

f = argmin {;Z Yi = fai) P + pen(f)} ,

=1

and of the noiseless version
f. = axgmin {11 = fol} +pen(f)}

We moreover define -
Ft)y={feF: |If = fli +pen(f) <7}, t > 0.

Consider the entropy H (-, F(t),dn) of F(t). Suppose it is finite for each ¢, and in fact that the square root
of the entropy is integrable, i.e. that for some continuous upper bound H(-, F(t),d,) of H(-, F(t),dy).

one has .
U(t) = / H(u, F(t),dy)du < oo, Vt > 0. ()
0

This means that near v = 0, the entropy H (u, F(t),d,) is not allowed to grow faster than 1/u?. As-
sumption (**) is related to asymptotic continuity of the empirical process {v,(f) : f € F(¢)}. If (**)
does not hold, one can still prove inequalities for the excess risk. To avoid digressions we will skip that
issue here.

Lemma 9.4.1. Suppose that ¥(t)/t*> does not increase as t increases. There exists constants ¢ and
¢’ such that for

(o) vty > e (W(t,) Vi),
we have

E{JIfo — foll2 + pen(F)} < 2 {1 — foll2 + pen(f) + 2} + =

Lemma 9.4.1 is from van de Geer (2001). Comparing it to e.g. Lemma 9.3.1, one sees that there is
no arbitrary 0 < 0 < 1 involved in the statement of Lemma 9.4.1. In fact, van de Geer (2001) has fixed
§ at 6 = 1/3 for simplicity.

When ¥(t)/t? < \/n/C for all t, and some constant C, condition (e) is fulfilled if ¢, > cn~'/2, and,
in addition, C' > c. In that case one indeed has overruled the variance. We stress here, that the constant
C depends on the penalty, i.e. the penalty has to be chosen carefully.

9.5. Application to the “classical” penalty. Suppose X = [0,1]. Let F be the class of functions
on [0, 1] which have derivatives of all orders. The s-th derivative of a function f € F on [0, 1] is denoted
by f©). Define for a given 1 < p < oo, and given smoothness s € {1,2,...},

1 —
(f) = / O @) Pde, | € F.

We consider two cases. In Subsection 9.5.1, we fix a smoothing parameter A > 0 and take the penalty
pen(f) = A2IP(f). After some calculations, we then show that in general the variance has not been
”overruled”, i.e., we do not arrive at an estimator that behaves as a noiseless version, because there still
is an additional term. However, this additional term can now be ”killed” by including it in the penalty.
It all boils down in Subsection 9.5.2 to a data dependent choice for A, or alternatively viewed, a penalty
of the form pen(f) = Xzfﬁ(f), with A > 0 depending on s and n. This penalty allows one to adapt
to small values for I(fo).
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9.5.1. Fixed smoothing parameter. For a function f € F, we define the penalty

pen(f) = AI7(f),

with a given A > 0.
Lemma 9.5.1. The entropy integral ¥ can be bounded by

2ps+2—p

1
U(t) <co (t Zos AP+t log(x V 1)) t>0.

Here, ¢y 1s a constant depending on s and p.
Proof. This follows from the fact that

Hw,{feF: I(f)<1, |f] <1},ds) < Au™Y* u >0

where the constant A depends on s and p (see Birman and Solomjak (1967)). For f € F(t), we have

and

If = felln <t

We therefore may write f € F(t) as f1 + fo, with |f1] < I(f1) = I(f) and || f2 — felln <t +I(f). Tt is
now not difficult to show that for some constant C

A F0. 1) < € (F 0 +los( ) ) 0 <u<t

Corollary 9.5.2. By applying Lemma 9.4.1, we find that for some constant ¢y,

Eﬂmr—h%+A%WﬁﬂS2mpr—hﬁ+*%Wﬁ}

2ps
1 w2 log (fv1
+c1 <( 2) +7g(>\ )>
n\rs n

9.5.2. Overruling the variance in this case. For choosing the smoothing parameter A, the above

suggests the penalty
_ =
pen(f) = min {X"Ip(f) ++ < > ) } :

nArs
with Cy a suitable constant. The minimization within this penalty yields
pen(f) = Cyn™ =1 [51 (f),

where C{) depends on Cy and s. From the computational point of view (in particular, when p = 2), it
may be convenient to carry out the penalized least squares as in the previous subsection, for all values
of ), yielding the estimators

falA) = argmin {i SO - fla? + W(f)} .
i=1

Then the estimator with the penalty of this subsection is f,,,(~, S\H), where
n

2ps
. 1 . CO 2ps+p—2
n — i — }/1'* n is A 2 o
A argr)\n;rol{n E [Y; — fu(zi, N +( )\2) }

i=1 nArs
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From the same calculations as in the proof of Lemma 9.5.1, one arrives at the following corollary.

Corollary 9.5.3 For an appropriate, large enough, choice of C} (or Cy), depending on ¢, p and s,
we have for a constant ¢, depending on c, ¢, C}y (Cp), p and s.

E{|1fu = foll2 + Con~ 5 1557 (f,)}
%

<2min{If - folls + Con~ 151 (1)} 4+

Thus, the estimator adapts to small values of I(fy). For example, when s = 1 and I(fy) = 0 (i.e.,
when fy is the constant function), the excess risk of the estimator converges with parametric rate 1/n.
If we knew that fo is constant, we would of course use the Y-, V;/n as estimator. Thus, this penalized
estimator mimics an oracle.

9.6. Exercise.

Exercise 9.1. Using Lemma 9.2.1, and the formula
EZ :/ P(Z > t)dt
0

for a non-negative random variable Z, derive bounds for the average excess risk E|f, — fol|2 of the
estimator considered there.
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